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1. UNDERLYING MATHEMATICS FOR EXPONENTIALLY GROWING INFECTIONS: 

The fundamentals of both models can be best expressed in terms of the probability of 
detecting a novel invasion (at sentinel and non-sentinel locations) on a given day, assuming 
it has not already been detected. Throughout we assume that the probability of first detecting 
an invader is an independent random process. 

Although we acknowledge that many of the mechanisms operate on a daily cycle, to simplify 
the mathematics we use a continuous time formulation. In particular, we assume that at time 
𝑡 = 0	 an invasion occurs infecting 𝐼'  locations; from this point the number of infected 
locations grows exponentially: 

𝑍 𝑡 = 𝐼' exp(𝑟𝑡) 𝑡 ≥ 0
0 𝑡 < 0.

 

The rate at which new infections are created is therefore 

𝐼 𝑡 =
𝑑𝑍
𝑑𝑡

= 𝐼'𝑟 exp 𝑟𝑡 + 𝐼'𝛿(𝑡) 𝑡 ≥ 0
0 𝑡 < 0, 

where 𝛿 is the Dirac delta function, which accounts for the sudden invasion at time 𝑡 = 0.  

The probabilities for detection by owners, and because of sentinel surveillance, before a 
given time can then be written as 



𝑃non detected	before	𝑡 = 1 − (1 − 𝑝) B C DC	E
F  

𝑃sentinel detected	before	𝑡 = 1 − 1 − 𝑠 K(L) 
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where p is the daily probability of detection by an owner, s is the proportion of the locations 
that are sentinels and T is the time between subsequent inspections of sentinel apiaries. 
Generally we assume that T=28 days in the main paper, although figure 3C gives the 
sensitivity to this assumption. Q(t) is all those infected locations that would have been 
inspected since they were infected if they were sentinels; hence the first term in Q (assuming 
t>T) is all those infected locations that occurred a sufficiently long time ago that they are 
guaranteed to have been inspected, while the second term measures the number of more 
recent infections that should have been inspected. 

Setting these two probabilities equal and taking logs gives: 

𝐼'
𝑟
log 1 − 𝑝 exp 𝑟𝑡 − 1 = 𝐼' log 1 − 𝑠 exp 𝑟𝑡

1
𝑟𝑇

1 − exp −𝑟𝑇  

log 1 − 𝑠 = VWX YSZ YS[\] S^L R
YS[\] S^R

        (1) 

s ≈ 1 − 1 − 𝑝
`

abcde bf` 	.     (2) 

Equation (1) therefore defines a relationship between the proportion of locations that need to 
be sentinels (s) and other parameters, which lead to sentinel detection being as effective as 
non-sentinel detection. Figure 1 of the main text shows the shape of equation (1) as r and p 
are varied. 

Alternatively looking at the mean number of cases at the point of detection gives 

Mean = 𝐼'			
𝐴 ln 𝐴 − 1

ln 𝐴
	 1 − 𝑝 SY^						where	𝐴 ≈ 1 − 𝑝 1 − 𝑠

jF
^ . 

This is an exact expression (as long as the expected detection time at a non-sentinel site is 
longer than the surveillance period, T). If we can take the limit as T becomes relatively short, 
and make the further assumption that p and s are small we obtain 

Mean =
𝑟

𝑝 + 𝑠
	 1 +

𝑝
𝑟

1 −
𝐼' 𝑝 + 𝑠

𝑟

k

,			 

indicating that the initial number of infected locations (I0) has a limited impact, while to first 
order s and p are balanced. 

 

  



1.1. Extensions to the timing within the tractable model.  

A number of factors could be included in the above formulation to improve its accuracy. 
Many of these involve a greater realism in terms of time to detection and probability of 
detection, as detailed below:  

• If there exists a fixed incubation period (P) between infection and the pest or pathogen 
being detectable, then the quantities 𝑍 𝑡  and 𝐼 𝑡  can be redefined as the number of 
detectable infected locations, and the probability of detection equation remains 
unaffected, although the number of infected locations at the point of detection will 
require an additional factor of exp(𝑟𝑃). 
 

• The above calculations assume that inspectors always identify infected apiaries when 
they are inspected. If inspectors only identify infected apiaries with probability q, and if 
this is an independent probability on each inspection, then the sentinel equation can be 
re-written as 

𝑃sentinel detected	before	𝑡 ≈ 1 − 1 − 𝑞	𝑠 K(L), 

assuming that s is small. As such, imperfect inspections are equivalent to a reduction in 
the proportion of sentinel sites. While these false negatives are easily accounted for, 
false positives are more complex and problem specific, in general it is to be hoped that 
further investigation of newly detected sites would uncover such errors. Such false 
positives are likely to inflate the cost and reduce confidence in the system. 

• Finally, if we are dealing with an infestation that grows slowly within an apiary, this could 
be incorporated by insisting that the probably of detection (by both owners and 
inspectors) is reduced by a multiplicative factor M(t)<1, for time t since infection. Here 
we expect M to start small, but grow to one as time advances and the level of infestation 
in the apiary increases. Assuming that p and s are small, this can be incorporated by 
replacing the number of infected apiaries Z(t) with a time-lagged version Y(t): 

𝑌 𝑡 = 	 𝑀 𝑡 − 𝑠 𝐼 𝑠 𝑑𝑠
L

'
 

Therefore, while the effects of such time-varying detection rates are not immediately 
easy to quantify, we expect very similar results to the introduction of a fixed incubation 
period. 
 

2. THE SIMULATION MODEL. 

The simulation model uses 54023 apiaries in England and Wales as the landscape across 
which the pest or pathogen can spread. We capture spread via both spatial proximity and 
ownership – linking apiaries with the same beekeeper. A spatially homogeneous landscape 
is assumed for the former, and parameters for both routes of transmission based on those 
parameters inferred from the invasion of Varroa. In particular, SI (susceptible-infectious) 
dynamics are assumed, with the risk of infecting a particular apiary, a, given by 



𝑅𝑖𝑠𝑘r(𝑡) = ℎr Z ℎt u𝐾 𝑎, 𝑏 𝜏 𝑡 − 𝜏t
t∈Infected(L)	

	 

where h is the number of hives in each apiary, p and q control the non-linear nature of 
susceptibility and transmission, K is the distance based transmission kernel and 𝜏 accounts 
for increasing transmission with time since the date of infection (𝑠). In particular, 

𝜏 𝑠 =
1

1 + exp	(𝐴 − 𝐵𝑡)
	,												𝐾 𝑎, 𝑏 = 𝛽~

𝐷k

𝐷k + 𝑑r,tk
+ 𝛽�𝑂r,t 

where 𝑑r,t is the distance between two apiaries and 𝑂r,t  is one if the two apiaries have the 
same owner. Parameters are given in the table below. 

 

Supplementary Table 1:  Parameters used in the spatial infection model. 

Parameter     Meaning Value 

A Determines within apiary infection dynamics 4 

B Determines within apiary infection dynamics 0.8 per week 

D Spatial scale within transmission kernel 3.98km 

𝛽~ Transmission rate due to distance 1.5×10-4 per wk 

𝛽� Transmission rate due to ownership network 2.1×10-4 per wk 

p Non-linear susceptibility, with number of hives in apiary 0.7 

q Non-linear transmission, with number of hives in apiary 0.3 

 

 

We note that this is a relatively simple model of the dynamics of invasion within UK apiaries; 
for many invading pests and pathogens there will be complex within-hive dynamics which will 
influence both the probability of transmission and the probability of detection (by either 
owners or inspectors). However, our aim here is not to capture in the detail the behaviour of 
a particular invader, but to have a generic framework that captures the predominate 
elements of invasion and local disease spread. The above equations and parameters from 
the table reproduce dynamics that are broadly comparable (in terms of numbers of infested 
apiaries and spatial scale) with the Varroa invasion of the UK. 

The infection is initiated in the vicinity of a particular location, which is chosen from three 
distinct groups: 
1. One of the exotic risk points listed by the National Bee Unit; 
2. Along the south coast of England, to simulate a pest or pathogen arriving either by sea or 

travelling over from the near continent; 
3. Randomly at any apiary in the system. 

Ten apiaries within ten km of the chosen location are infected at the start the epidemic. It 
was decided to infect ten apiaries to minimise the chance of stochastic extinction and to 



minimise the stochastic variability between simulations, while still allowing the invasion to 
grow exponentially. Examining the tractable model, we find that the initial condition has a 
relatively small impact especially when outbreak sizes are expected to be large. Although it 
would have been possible to have invasion conditions that more accurately reflect the likely 
behaviour of a given pest or pathogen, we consider our assumption of a low constant 
number to be the most general and parsimonious. Following invasion the disease is allowed 
to spread unchecked for 5 years, and the infection status of all apiaries is recorded over 
time. In total, 130,000 simulations were recorded, for use in optimising the location of 
sentinels.  

 

2.1. Optimising the Location of Sentinels. 

The dynamics of multiple replications of the simulation model are stored to provide lists of 
when each apiary is infected. Given the infection times 𝑡r for apiary a (assumed to be infinite 
if the apiary remains uninfected); the expected time of detection and the expected number of 
infected apiaries at that time can be explicitly calculated: 

𝑃nonsim detected	before	𝑡 = 1 − (1 − 𝑝) #(L���)��E  

 where #(𝑡r ≤ 𝑠) refers to the number of apiaries detected before time s. 

𝑃sentinelsim detected	before	𝑡 =
1 						𝑡r < 𝑡 − 𝑇	for	any	𝑎 ∈ Sentinels

1 −
𝑇 + 𝑡r − 𝑡

𝑇
L��L

otherwise  

The expected number of infected apiaries at the point of detection is then computed from the 
probabilities and the known number of infections: 

𝐸sim infections	at	detection

= 𝑃sim detected	before	𝑡 − 𝑃sim detected	before	𝑡 − 1 #(𝑡r ≤ 𝑡)
L

 

For a known set of infection times, this expected quantity (averaged over multiple 
simulations) can be calculated with great computational efficiency. 

Optimisation of the sentinel locations is then performed using a genetic algorithm. Sentinels 
are initially randomly assigned to existing apiary locations, weighted in favour of apiaries that 
(on average) are infected earlier in simulations. Sets of sentinels are then selected based on 
their expected benefit (reduction in infected apiaries at the time of detection), the choice of 
sentinel locations from sets combined, and new locations trialled. Given the huge number of 
combinations, the true optimal set of sentinels is unlikely to be discovered, but the expected 
benefit rapidly saturates demonstrating a considerable advantage of the chosen set of 
sentinels over a random choice. 

  



3. SPATIAL RISK OF INFECTION 

A scoring system was developed to reflect the relative risk of any exotic pests or disease 
occurring at random in the apiary network (score of 1) versus the risk at specific locations (up 
to 100 times). Evidence was derived from peer-reviewed literature, comprehensive Pest Risk 
Assessments (PRAs) and expert opinion from senior bee health inspectors. Quantification of 
these risk factors are given in Supplementary Table 2. 

Foulbrood: Previous exotic outbreaks have been attributed to honey bee importers where 
brood might be present1 or honey bee packers and the respective landfill sites where barrels 
are disposed2. Expert opinion also suggested a slight increase in risk when importing hive 
products such as pollen, wax or propolis, and that risks would pervade over 5 km as a 
conservative mean foraging distance of a honey bee in the UK3.  

Tropilaelaps spp.: These ectoparasitic mites are not free-living and are almost exclusively 
confined to the brood of infested colonies, only spreading naturally during brief transport on 
adult bees4. Risk can be associated with honey bee importers where brood might be present, 
however the risk is low because importation is illegal from territories where the mite is known 
to be present. Therefore we assume the small size of these mites could lead to unreported 
movements to new areas. Local movement was assumed to be restricted to 5 km on the 
back of foraging worker bees.   

Small hive beetle: In the USA it is not clear whether single or multiple introductions 
occurred5,6, but the rapid spread is likely to be as a result movement of infested colonies, 
queen bees, packaged bees and beekeeping equipment, and also migratory beekeeping7. 
The first confirmed case of small hive beetle in Canada (Manitoba) in 2002 was at a wax 
rendering plant – the beetles being brought into country in beeswax cappings (unprocessed 
beeswax) from Texas, USA8. Crude hive product importers therefore scored highly for risk. 
Our assumption is that movement of the pest is also possible in trade of fruit, soil and 
compost with plants; anything that the beetle can survive in as adults, larvae, pupae or eggs. 
Sites having such products were also rated high risk (fruit and wholesale markets; zoos 
which use imported fruit, and plant importers due to concomitant soil movements). SHB may 
have arrived in the Southern States in the US by fruit importation into Charleston port, 
therefore freight ports and deports were seen as high risk. Honey bee imports were seen as 
high risk after SHB larvae were identified in a consignment of queen bees imported into 
Portugal from Texas9. It addition, because beetles have been seen travelling in a swarm, 
those importing package bees and nucleus colonies were seen as the highest possible risk. 
Military airports were seen as higher risk than civilian airports because of their ability to move 
soil on tracked vehicles. US military airports were seen as higher risk than UK military 
airports because of the propensity to move supplies and equipment from the US, which is 
infested with the SHB. Adult small hive beetles are strong fliers and are capable of flying 
over 10 km10 and so a distance of 15 km was assumed (Supplementary Table 2). A 
comprehensive pest risk assessment is available for SHB which summarises much of this 
information11. 

The government funded National Bee Unit operate an existing Sentinel Apiary Network 
comprising 131 apiaries. Sites were chosen in part at random and in part proximal to 
locations of increased exotic risk12,13. The apiary owners receive training to help them identify 
exotic pests and diseases, conduct detailed surveys biannually, send in samples for 



diagnostic testing and are provided with equipment to trap and/or help identify non-native 
pests. These measures are designed to increase the likelihood of reporting new exotic 
incursions12. In addition, running in parallel to the sentinel apiary network, the National Bee 
Unit conducts exotic surveillance inspections at random and apiaries deemed to have 
increased exotic risk12, this represents around 25% of the overall inspection effort. 

 

Supplementary Table 2:  The 2015 estimated relative risks for each class of location. 
Scores provide a relative estimate of the likelihood of invasion into a single location of a 
given type. The values used come from the sum over all parasites (grey column). 
 

  

 
Relative risk 

Risk description n Foulbrood Tropilaelaps SHB Σparasites 
 

Package/NUC importer  6 10 5 100 115 

H
igh 

R
isk 

High-volume queen importer (>100/year) 15 1 1 30 32 

M
edium

 R
isk 

Imported Honey Packer  25 15 1 3 19 

Crude hive products importer  12 3 1 15 19 

Fruit and vegetable wholesale market  25 1 1 15 17 

Plant importer  22 1 1 15 17 

Major Zoo  21 1 1 15 17 

Freight Port / Port  149 1 2 12 15 

Low
 R

isk 

Freight depot  19 1 2 12 15 

Major international civilian airport 14 1 1 12 14 

Low volume queen importer (<100/year) 71 1 1 10 12 

Landfill from imported produce  3 10 1 1 12 

Military airport (American)  3 1 1 6 8 

Military airport (UK Forces)  23 1 1 4 6 

Civilian airport  33 1 1 2 4 

Quarantine Facility  1 1 1 2 4 

Area of influence (Radius in Km) 5 km 5 km 15 km 5-15km 
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