
S3 Appendix - Adjoint Equations

We present two sets of adjoint equations. One for the central city settlement, and one for the outer town

settlements.

Central City Settlement Adjoint Equations

We begin by initially defining a function, F , of state and adjoint variables that appears throughout the

adjoint equations for further notational ease.

F := − λ11

(
S1ab1(X1 + Y1)

(N1 + Ω1)2

)
+ λ12

(
S1ab1X1

(N1 + Ω1)2

)
− λ14

(
SB2
1 ab2Y1

(N1 + Ω1)2

)

+ λ15

(
SB2
1 ab2Y1

(N1 + Ω1)2

)
+ λ16

(
S1ab1Y1

(N1 + Ω1)2

)
− λ18

(
SA2
1 ab2X1

(N1 + Ω1)2

)

+ λ19

(
SA2
1 ab2X1

(N1 + Ω1)2

)
− λ112

(
acM1

(N1 + Ω1)2
(IA1 + IB1 + IA2

1 + IB2
1 )

)
+ λ113

(
acM1

(N1 + Ω1)2
(IA1 + IA2

1 )

)
+ λ114

(
acM1

(N1 + Ω1)2
(IB1 + IB2

1 )

)
+

n∑
i=2

(
−λ112

(
acM1

(N1 + Ω1)2

(
mI(I

A
i + IBi ) +mI2(IA2

i + IB2
i )
))

+ λ113

(
acM1

(N1 + Ω1)2
(mII

A
i +mI2I

A2
i )

)
+ λ114

(
acM1

(N1 + Ω1)2
(mII

B
i +mI2I

B2
i )

)
− λi1

(
mSSiab1(X1 + Y1)

(N1 + Ω1)2

)
+ λi2

(
mSSiab1X1

(N1 + Ω1)2

)
− λi4

(
mRS

B2
i ab2Y1

(N1 + Ω1)2

)

+ λi5

(
mRS

B2
i ab2Y1

(N1 + Ω1)2

)
+ λi6

(
mSSiab1Y1
(N1 + Ω1)2

)
− λi8

(
mRS

A2
i ab2X1

(N1 + Ω1)2

)

+λi9

(
mRS

A2
i ab2X1

(N1 + Ω1)2

))
.
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We now state the actual adjoint equations for the city settlement.

dλ11
dt

=F + λ11

(
ab1(X1 + Y1)

N1 + Ω1
+ u11

)
− λ12

(
ab1X1

N1 + Ω1

)
− λ16

(
ab1Y1
N1 + Ω1

)
− λ17(1 − ξ)u11 − λ110ξu

1
1

dλ12
dt

=F − 2C1I
A
1 + λ12(α1 + ρ1) − λ13ρ1 + λ112

(
acM1

N1 + Ω1

)
− λ113

(
acM1

N1 + Ω1

)
dλ13
dt

=F + λ13η − λ14η

dλ14
dt

=F + λ14

(
ab2Y1
N1 + Ω1

)
− λ15

(
ab2Y1
N1 + Ω1

)
dλ15
dt

=F − 2C1I
B2
1 + λ15(α2 + ρ2) − λ110ρ2 + λ112

(
acM1

N1 + Ω1

)
− λ114

(
acM1

N1 + Ω1

)
dλ16
dt

=F − 2C1I
B
1 + λ16(α1 + ρ1) − λ17ρ1 + λ112

(
acM1

N1 + Ω1

)
− λ114

(
acM1

N1 + Ω1

)
dλ17
dt

=F + λ17η − λ18η

dλ18
dt

=F + λ18

(
ab2X1

N1 + Ω1

)
− λ19

(
ab2X1

N1 + Ω1

)
dλ19
dt

=F − 2C1I
A2
1 + λ19(α2 + ρ2) − λ110ρ2 + λ112

(
acM1

N1 + Ω1

)
− λ113

(
acM1

N1 + Ω1

)
dλ110
dt

=F

dλ111
dt

=λ111

(
φ+

δJ1
1 + δJ1

+ ln(1 + δJ1)

)
− λ112φ

dλ112
dt

= − λ111g

(
Z1 + ψ1u

1
2(1 − ε)

Z1 + ψ1u12
+

Z1εψ1u
1
2

(Z1 + ψ1u12)2

)
+ λ112

(
µ+

ac

N1 + Ω1

(
IA1 + IB1 + IA2

1 + IB2
1 +

n∑
i=2

(
mI(I

A
i + IBi ) +mI2(IA2

i + IB2
i )
)))

− λ113

(
ac

N1 + Ω1

(
IA1 + IA2

1 +

n∑
i=2

(
mII

A
i +mI2I

A2
i

)))

− λ114

(
ac

N1 + Ω1

(
IB1 + IB2

1 +
n∑
i=2

(
mII

B
i +mI2I

B2
i

)))
dλ113
dt

=λ11

(
S1ab1
N1 + Ω1

)
− λ12

(
S1ab1
N1 + Ω1

)
+ λ18

(
SA2
1 ab2

N1 + Ω1

)
− λ19

(
SA2
1 ab2

N1 + Ω1

)

− λ111g

(
Z1 + ψ1u

1
2(1 − ε)

Z1 + ψ1u12
+

Z1εψ1u
1
2

(Z1 + ψ1u12)2

)
+ λ113µ

+

n∑
i=2

(
λi1

(
mSSiab1
N1 + Ω1

)
− λi2

(
mSSiab1
N1 + Ω1

)
+ λi8

(
mRS

A2
i ab2

N1 + Ω1

)
− λi9

(
mRS

A2
i ab2

N1 + Ω1

))

dλ114
dt

=λ11

(
S1ab1
N1 + Ω1

)
− λ16

(
S1ab1
N1 + Ω1

)
+ λ14

(
SB2
1 ab2

N1 + Ω1

)
− λ15

(
SB2
1 ab2

N1 + Ω1

)

− λ111g

(
Z1 + ψ1u

1
2(1 − ε)

Z1 + ψ1u12
+

Z1εψ1u
1
2

(Z1 + ψ1u12)2

)
+ λ114µ

+

n∑
i=2

(
λi1

(
mSSiab1
N1 + Ω1

)
− λi6

(
mSSiab1
N1 + Ω1

)
+ λi4

(
mRS

B2
i ab2

N1 + Ω1

)
− λi5

(
mRS

B2
i ab2

N1 + Ω1

))
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Outer Town Settlement Adjoint Equations

We now present the adjoint equations for the town settlements,
dλi

j

dt for all j and for all i ≥ 2. We start

like before by initially defining a function, Gij , of state and adjoint variables that appear throughout

the adjoint equations for further notational ease. This function varies in one small way throughout the

equations. We define a new constant, m̂j . m̂j = mS for j = 1. m̂j = mI for j = 2. m̂j = mR for j = 3.

m̂j = mI2 for j = 4. j will be specified by a subscript on the function itself, Gij .

Gij = − λ11

(
m̂jS1ab1(X1 + Y1)

(N1 + Ω1)2

)
+ λ12

(
m̂jS1ab1X1

(N1 + Ω1)2

)
+ λ16

(
m̂jS1ab1Y1
(N1 + Ω1)2

)
− λ14

(
m̂jS

B2
1 ab2Y1

(N1 + Ω1)2

)
+ λ15

(
m̂jS

B2
1 ab2Y1

(N1 + Ω1)2

)
− λ18

(
m̂jS

A2
1 ab2X1

(N1 + Ω1)2

)

+ λ19

(
m̂jS

A2
1 ab2X1

(N1 + Ω1)2

)
− λ112

(
m̂jacM1

(N1 + Ω1)2
(IA1 + IB1 + IA2

1 + IB2
1 )

)
+ λ113

(
m̂jacM1

(N1 + Ω1)2
(IA1 + IA2

1 )

)
+ λ114

(
m̂jacM1

(N1 + Ω1)2
(IB1 + IB2

1 )

)
− λi1

(
(1 −mS)(1 − m̂j)

Siab1(Xi + Yi)

(Ni + Ωi)2

)
+ λi2

(
(1 −mS)(1 − m̂j)

Siab1Xi

(Ni + Ωi)2

)
− λi4

(
(1 −mR)(1 − m̂j)

SB2
i ab2Yi

(Ni + Ωi)2

)
+ λi5

(
(1 −mR)(1 − m̂j)

SB2
i ab2Yi

(Ni + Ωi)2

)

+ λi6

(
(1 −mS)(1 − m̂j)

Siab1Yi
(Ni + Ωi)2

)
− λi8

(
(1 −mR)(1 − m̂j)

SA2
i ab2Xi

(Ni + Ωi)2

)

+ λi9

(
(1 −mR)(1 − m̂j)

SA2
i ab2Xi

(Ni + Ωi)2

)

− λi12

(
(1 − m̂j)

acMi

(Ni + Ωi)2

(
(IAi + IBi )(1 −mI) + (IA2

i + IB2
i )(1 −mI2)

))
+ λi13

(
(1 − m̂j)

acMi

(Ni + Ωi)2

(
IAi (1 −mI) + IA2

i (1 −mI2)
))

+ λi14

(
(1 − m̂j)

acMi

(Ni + Ωi)2

(
IBi (1 −mI) + IB2

i (1 −mI2)
))

+

n∑
k=2

(
−λ112

(
m̂jacM1

(N1 + Ω1)2

(
mI(I

A
k + IBk ) +mI2(IA2

k + IB2

k )
))

+ λ113

(
m̂jacM1

(N1 + Ω1)2

(
mII

A
k +mI2I

A2

k

))
+ λ114

(
m̂jacM1

(N1 + Ω1)2

(
mII

B
k +mI2I

B2

k

))
− λk1

(
m̂jmSSkab1(X1 + Y1)

(N1 + Ω1)2

)
+ λk2

(
m̂jmSSkab1X1

(N1 + Ω1)2

)
+ λk6

(
m̂jmSSkab1Y1

(N1 + Ω1)2

)
− λk4

(
m̂jmRS

B2

k ab2Y1
(N1 + Ω1)2

)
+ λk5

(
m̂jmRS

B2

k ab2Y1
(N1 + Ω1)2

)
− λk8

(
m̂jmRS

A2

k ab2X1

(N1 + Ω1)2

)

+ λk9

(
m̂jmRS

A2

k ab2X1

(N1 + Ω1)2

))
.
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We now present the adjoint equations for the outer town settlements.

dλi1
dt

=Gi1 + λi1

(
(1 −mS)

ab1(Xi + Yi)

Ni + Ωi
+
mSab1(X1 + Y1)

N1 + Ω1
+ ui1

)
− λi2

(
(1 −mS)

ab1Xi

Ni + Ωi
+
mSab1X1

N1 + Ω1

)
− λi6

(
(1 −mS)

ab1Yi
Ni + Ωi

+
mSab1Y1
N1 + Ω1

)
− λi7(1 − ξ)ui1 − λi10ξu

i
1

dλi2
dt

=Gi2 − 2C1I
A
i + λ112

(
mI

acM1

N1 + Ω1

)
− λ113

(
mI

acM1

N1 + Ω1

)
+ λi2(α1 + ρ1)

− λi3ρ1 + λi12

(
(1 −mI)

acMi

Ni + Ωi

)
− λi13

(
(1 −mI)

acMi

Ni + Ωi

)
dλi3
dt

=Gi3 + λi3η − λi4η

dλi4
dt

=Gi3 + λi4

(
(1 −mR)

ab2Yi
Ni + Ωi

+
mRab2Y1
N1 + Ω1

)
− λi5

(
(1 −mR)

ab2Yi
Ni + Ωi

+
mRab2Y1
N1 + Ω1

)
dλi5
dt

=Gi4 − 2C1I
B2
i + λ112

(
mI2

acM1

N1 + Ω1

)
− λ114

(
mI2

acM1

N1 + Ω1

)
+ λi5(α2 + ρ2)

− λi10ρ2 + λi12

(
(1 −mI2)

acMi

Ni + Ωi

)
− λi14

(
(1 −mI2)

acMi

Ni + Ωi

)
dλi6
dt

=Gi2 − 2C1I
B
i + λ112

(
mI

acM1

N1 + Ω1

)
− λ114

(
mI

acM1

N1 + Ω1

)
+ λi6(α1 + ρ1)

− λi7ρ1 + λi12

(
(1 −mI)

acMi

Ni + Ωi

)
− λi14

(
(1 −mI)

acMi

Ni + Ωi

)
dλi7
dt

=Gi3 + λi7η − λi8η

dλi8
dt

=Gi3 + λi8

(
(1 −mR)

ab2Xi

Ni + Ωi
+
mRab2X1

N1 + Ω1

)
− λi9

(
(1 −mR)

ab2Xi

Ni + Ωi
+
mRab2X1

N1 + Ω1

)
dλi9
dt

=Gi4 − 2C1I
A2
i + λ112

(
mI2

acM1

N1 + Ω1

)
− λ113

(
mI2

acM1

N1 + Ω1

)
+ λi9(α2 + ρ2)

− λi10ρ2 + λi12

(
(1 −mI2)

acMi

Ni + Ωi

)
− λi13

(
(1 −mI2)

acMi

Ni + Ωi

)
dλi10
dt

=Gi3

dλi11
dt

=λi11

(
φ+

δJi
1 + δJi

+ ln(1 + δJi)

)
− λi12φ

dλi12
dt

= − λi11g

(
Zi + ψiu

i
2(1 − ε)

Zi + ψiui2
+

Ziεψiu
i
2

(Zi + ψiui2)2

)
+ λi12

(
µ+

ac

Ni + Ωi

(
(1 −mI)(I

A
i + IBi ) + (1 −mI2)(IA2

i + IB2
i )
))

− λi13

(
ac

Ni + Ωi

(
(1 −mI)I

A
i + (1 −mI2)IA2

i

))
− λi14

(
ac

Ni + Ωi

(
(1 −mI)I

B
i + (1 −mI2)IB2

i

))
dλi13
dt

=λi1

(
(1 −mS)

Siab1
Ni + Ωi

)
− λi2

(
(1 −mS)

Siab1
Ni + Ωi

)
+ λi8

(
(1 −mR)

SA2
i ab2

Ni + Ωi

)

− λi9

(
(1 −mR)

SA2
i ab2

Ni + Ωi

)
− λi11g

(
Zi + ψiu

i
2(1 − ε)

Zi + ψiui2
+

Ziεψiu
i
2

(Zi + ψiui2)2

)
+ λi13µ

dλi14
dt

=λi1

(
(1 −mS)

Siab1
Ni + Ωi

)
− λi6

(
(1 −mS)

Siab1
Ni + Ωi

)
+ λi4

(
(1 −mR)

SB2
i ab2

Ni + Ωi

)

− λi5

(
(1 −mR)

SB2
i ab2

Ni + Ωi

)
− λi11g

(
Zi + ψiu

i
2(1 − ε)

Zi + ψiui2
+

Ziεψiu
i
2

(Zi + ψiui2)2

)
+ λi14µ
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