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I. Open System Dynamics of Proton Motion

The state of pseudo-spins lives in a 2'2-dimensional Hilbert space H, that is to say that the density matrix p
describing this state has 2'2 x 2!2 elements. In this respect, it is not straightforward to present the details of its open
system dynamics. For the sake of simplicity, and without loss of generality, we will focus on the motion of a single
proton between the locations 1 and 2 in the hexamer in what follows (see Fig. 1-a for the details). Hence, instead of
working with the twelve-site self-Hamiltonian H g, given in Eq. (2.1), we will use the following two-site Hamiltonian
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to describe the closed system dynamics. Note that asymmetric version of this Hamiltonian (W; # Wa) was also used
in [O] to investigate the role of proton tunneling in biological catalysis.

After applying the Jordan-Wigner transformation given in Eq. (2.3) on this two-site Hamiltonian, we end up with
the two-qubit Hamiltonian
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where J, = J12/2, J, = Via/4, B = —(2W + Vi3)/4, and A=)+ (4W + V1) /4. Eigensystem of this Hamiltonian

can be written in an increasing order of the eigenvalues as
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A. Local proton-phonon coupling

First, we examine the O—H stretch vibrations by considering them as two independent thermal baths existing

around the proton locations and having the individual self-Hamiltonians Hg) given in Eq. (2.5). Also, we will
describe the interaction of the proton with these vibrations using the interaction Hamiltonian given in Eq. (2.6):

H}ocal — Zﬁ] Z (gj,k?b;,k + g;’kbj,/c> X Zagj) Z (gj7kb;r-’k + g;,kbj7k) . (4)
J k J g

1. Bath operators in interaction picture

If we switch into the interaction picture, the bath operators B; = )", (gj,kb;k + g;f7kbj,k) become

Bj(t) = eXBje_X
= Bj + [X7 BJ] + [Xv [Xa B]]]/Q' + [X7 [Xv [Xa BJH]/?)' + ..
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where X =i H g ) t/h. To evaluate the commutators above, first we need to find the commutators [H l(gj ), b;f-,k,] and

[H l(gj ), b; x’]. In this respect, the bosonic commutation relations imply that

[HY bl ] = Zﬁ%‘k [b] bjgs bl 4]

= Zhw] k ( 7, e [j ks b;r wl + [b;(‘,k’ b;,k’]bj7k) (6)
S b = s b
k

[H;Sj)’ bj.i] Zh%k b] ki bjik]
= Zhwy g ( by bj] + 0] 1, bj,k']bj,k) (7)
= Zﬁwg k (—Orxr) bjx = —hw; g bj s

Then, it is easy to calculate the commutators in (H) after writing them in terms of (B) and (@):
X, B = (it/)[H, B;
= > Gt/0) (954l HE by + giHE 51,])
k

(8)
= (iwjr) (—gi,kbj,k + gj,kb;‘,k> )
k
X, [X, By]] = (it/h)[HY,[X, By
=3 zuakt,ﬁi(—g;kuﬁﬁhbiu<+gikuﬁg7bjd) o)
:ZZ w]kt (+g]kbjk+gjkbjk)
k
X, X, [X, Byl = (it/m)[HS,[X,[X, Bl
—ZZ W t°/h) (+gjk[HBj ) Jk]+gjk[HB ) ]k]) (10)

k
= ([Pwit)) (*gj,kbﬁk + gj»kb;,k) :
k

By substituting these commutators into (H) and collecting terms involving b, 5, and b;k together, we end up with
the interaction picture operators given by

—TWw; kt +ZOJ kt ] W
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2. Thermal bath correlation function and dissipation rates

To calculate the bath correlation function <Bj (t)B;/(0))tn, we will use the following thermal expectations:

(bj kbjk)en =0, (bF kbik)en = Nj(wj),

bi bl =14 N;(w; A =0 (12)
(bj.k j7k>th + Nj(wj k), <j,k j7k>th )



where Nj(wj k) is the average number of phonons with energy 7wv;j for the Bose-Einstein statistics and equals to
1/(ePhwik —1). Then, for independent baths, the bath correlation function becomes:
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Dissipation rates vy;;, half of the real part of one-sided Fourier transforms of (B;L (t)B;7(0))tn, can be calculated by
using (I3) as

Vjjr (w) = Tjjr(w) + T (w)
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5 Jiw)(1+ Nj(w)) for 0<w<oo
) Jj(~w) Nj(—w) for —co<w<0

= 0575 (w);

where the sum over the absolute square of the discrete coupling constants g;j is replaced by an integral over a
continuous function J;(w) that is defined as 7/hY", |gj.x|*6(w — wjx) and called the spectral density function. This
function encapsulates all the effects of the jth bath on the associated pseudo-spin.

Note that —N;(—w) equals to 1 + N;(w). Hence, if Jj(w) is an odd function, v;;(w) = ~,(w) turns out to be
2/h J;(w)(1 + N;(w)) for all values of w. Also note that v;; (w) is reduced to v;(w) above because each pseudo-spin
is associated to an independent environment. This is expected for the imaginary part of one-sided Fourier transforms
of (B;(t)Bj/ (0))tn as well, ie., Sjj(w) = % (Fjj/(w) - F;‘,j(w)) =0;75;(w) = 5;(w).

3. Lamb shift Hamiltonian and dissipator

To start analyzing the open system dynamics of pseudo-spins, eigenoperators of the self-Hamiltonian Hpyp should

be calculated using Eq. (2.10) with A; = ai“. Since Hyp has 4 non-degenerate energy levels, there are (g) =12
different transitions in the system. Each possible nonzero value of Bohr frequency w corresponds to one of these
transitions. However, an interaction with the environment does not need to give rise to a transition always. Hence,
to account for such situations where no transition is enabled, w can take one more value that is equal to zero.

Only 3 of the 13 values of w correspond to non-zero eigenoperators, which are

A;j(0) = — les)(es| + |ea) (el
Aj(wiz) = (=1)|e2) (el (15)
Aj(war) = (—1)|ex) (eal.

Then, the Lamb shift Hamiltonian Hrg becomes Hgg) + Hgg) such that

Hid = 57 (ea){eal + lea) (eal) + 5 *[ex) (ea] + 57 e2) (e2] 16)
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where S = 5;(0) and Sjj:j” = Sj(wjs). Similarly, the dissipator D(p) is decomposed into two dissipators each of
which takes the following form

DD [p] = — 270 (ps.4les)(ea| + pa3lea)(es])

)(es| + palea)(er] + p1.aler)(eal)

1
— 508 +2%) (o lea)

. (v +27") (p3.2les) )(es| + pa2lea)(ea] + p2,.4le)(eal)

2
- 507 2

Weal + palea)(er]) = (v 2011 — 77 02.2) (Jen)(ea] — [e2)(ez]) (17)

with 7 = ~;(0), ’Y]-j:j“ = v;(wjyn), and @; i = p; () = (ej] p(t)|e; ) are the elements of the pseudo-spin density
matrix in energy eigenbasis {|e;)}.

4. Exact solution of the master equation

When we substitute (B), (I8) and (@) into Eq. (2.7), we end up with a master equation for the system of our
interest. It is straightforward to solve this master equation analytically. Exact solution in the energy eigenbasis is
given by

_ T2a —(F1.2472.1)t 71,2 V2,1
t -_— - < 0 + 0 +e 71,2721 - < 0 - = < 0 9
p1,1(t) ERp (91,1(0) + 2,2(0)) (%,24_72,1 ©1,1(0) 71724_72,1@2,2( )

= e+z‘(50—§1‘2+w:31)t ‘l(WWl‘“)t@l,s(O)’

(t)
91,3(t) e >
pra(t) = et (So-Siaren)te=3 (otia)tg, (),

e — (12421t 1,2 V2,1

t) = ————— 0) + 0 e~ (124721 _ _ 0) — — _ 07
p2.2(?) Y1,2 + 72,1 (m 1(0) + o2 )) (71,2 + 721 91.1(0) V1,2 + 72,1 p2.2( ))
poa(t) = e+ (SoSuatwsa)te=3 (o taa) e, (),
P2,4(t) = e+i(§0_§2’1+°’42)t6_%(:’OMZ’l)t@z,s(O),
03.3(t) = 033(0),
P3,4(t) = e sste2V0l a4 (0),
©4,4(t) = 94,4(0), (18)

~ ~ v v v /1
where Sy = S0 + 89, Sy = S5+ 849, A = 10 + 28, and Gy = 377 4437

5. Steady state of the master equation

p3.3 and g4 4 are found to be constants of the open system dynamics in (I3). Besides this, @11 and g2 2 seem to
go to nonzero constant values as well in the asymptotic limit. On the other hand, all the other elements of density
matrix vanish when ¢ goes to infinity. Let’s show it more clearly by checking the stationary state that is obtained by
taking the left-hand side of master equation given in (2.7) as zero:

1 — 033(0) — 944(0)

A2+ V21 (Fa.iler)(er| + F1.2lea) (eal).- (19)

P = 3,3(0)]e3) (€3] + 4,4(0)[ea)(ea] +

To elaborate on this calculation, we need to find 44, 2/( A2 + 2,1) and Y21/ (F1,2 + F2,1). We can evaluate them
for two baths at the same temperature, e.g, Ny(w) = ( ) = N(w) by using (Id) together with the fact that



W1g = —wo1 < 0O:
Y2 N (w21) _ 1 P
~ ~ - - - 9 (20)
Y2+ 2.1 N(le) 4 (1 + N(w21)) 1 + etBlez—e1) e—Be2 4 g—Ber
You (1+ N(wa1)) _ etBleeme) e ha (21)
T2+921  N(war) + (1+ N(wa))  L+ethleamen) — emfer ye=fa
Then, the steady state solution given in (I9) can be cast into the following simple form:
1- 0) — 0), g _Be
p = osa(O)les)esl + paa(O)fea)ea] + 22 OUO (e ey ier 4 e Poleaeal). (22)

e_/Bel —+ e—ﬂeg

For the initial states satisfying 3 3(0) = e =% /> e7#¢ and g4 4(0) = eP¢4 /", eP¢  this stationary state turns
out to be the thermal state. However, it doesn’t mean that thermalization is the underlying mechanism for this
result. Actually, a partial dephasing appears to be in charge: environment washes out all the coherence in the basis
of {|es),|e4)}, while it imposes a detailed balance between |e;) and |es). As none of the eigenoperators of Hyp that
corresponds to a transition from and/or to e or e4 survives in (I3), environment can only exchange information with
these two energy levels and this results in a partial dephasing in the associated energy eigenstates. On the other hand,
the same environment can exchange heat with the remaining energy levels since there are non-zero eigenoperators for
these transitions and so, it equilibrates energy eigenstates |e;) and |es).

In the meantime, note that this two-qubit steady state shares exactly the same form with the twelve-qubit steady
state given in Eq. (3.1).

B. Nonlocal proton-phonon coupling

We will extend the open system dynamics to include the oscillations of O—O separation R;5 in what follows.
Assume that 4; is the displacement of the jth O atom from its reference position. Then the deviation of Ris from its
equilibrium value Rﬁg can be defined as AR5 = 1o — @1. By considering this, let’s expand the hopping constant Jio
about the point Ry» = R{S:

0J R R . .
Ji2(Riz) = Jia(RSD) + 2o | (@2 — @) = J(9) (RS + J15) (R$) (2 — ).
OR1o (23)
Ri2=Rj

To reduce in complexity and extent, we assume that the first O atom is stationary, i.e., 4; = 0. Then, we switch
into the second-quantization representation of uy replacing it with »°, \/h/(QMQk)(dg p T da,i) where Q. are the

frequencies of the oscillation of Ry5, and d;  and da ;; are respectively the phonon creation and annihilation operators
associated with the vibration of the second O atom. After this replacement, substitution of (23) into (B) causes the

transformation Hygg — Hpuyp + H}Ll where the value of parameter J, in Hyp turns out to be —Jl(g)(R‘ig)/Z and the
H? is a nonlocal proton-phonon interaction described by

171 = (o9 002 + o) 0 0®) 3 i (] + das (24
k

= A3 ® Bs,

with hj equals to — S)(Rig)\/h/ (81£2). This new proton-phonon interaction requires to entail the calculation of
one more non-zero eigenoperators of Hyp:

A3(0) = 2(lex)(ex] — le)(ezl), (25)

that give rise to the emergence of the following Lamb-shift Hamiltonian in addition to the ones given in (ID):

H{Y) =45 (Jer){ea] + lez)(eal) , (26)



and the following dissipator in addition to the ones given in (IC2):

DO[p] = — 274 (p3,1les){er] + p1,3
— 274 (p3,2les) (e2] + p2,3
— 874 (p1,2le1)(ea] + p2,1

er)(es + pales) (ex] + p1.4le1)(eal)
ea)(es] + paales) (e2] + p2.4le2) (eal)
62><€1|). (27)

Inclusion of these additional terms into the master equation changes the exact solution from (IR) to:

_ e (ratde)t( 12 V2,1
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p2.2(?) V1,2 + 72,1 (@1,1( )+ P2 )) (71,2 + 72,1 o1.1(0) V1,2 + 72,1 p2.2( ))
@2,3(#]) — e+i(so—§2,1—4530+w32)t6—%(’70+’?2,1+4730)tp2,3(0),
p2’4(t) — e+i(§0—§2,1—4530+w42)te—%(’70+’~Y2,1+4’Y30)tp2,3(0))
©3,3(t) = p3.3(0),
03,4(t) = e wasate 20l 50 4 (0),
Pa,4(t) = 04,4(0). (28)

On the other hand, since the diagonal elements have no dependence on either 5 or Sy, the stationary state remains
the same as

— 3,3(0) — 94,4(0)
V1,2 + Y21

1 — 03 3(0) — 94.4(0)
e_Bel + 6_562

5 = 035(0)]es) (es] + paa(0)]ea) (ea] + -

(Fa.aler)(er| + F1.2]ea) (ea])
(29)

= 03,3(0)|es)(es| + 0a,4(0)]es) (ea] + (e7Ptler)(er] + P2 ez)(eal).

In this respect, O—O vibrations change the dynamics of the system, but do not affect its steady state.



II. Model Parameters
A. Estimation of the parameters

Note that if the twelve-qubit initial state p(t = 0) lives only in the 64-dimensional subspace H,;.., the steady state

(intra)

of the chosen master equation depends on two free parameters, J, and J; . Here, J, equals to half of the orbital
interaction energy J which is responsible for the tunneling of the protons between O atoms, while J. z(mtra) is a quarter

of the inter-proton interaction energy V;,:., which is responsible for the ionic defect penalty.

The values of these free parameters are extracted comparing the temperature dependent behaviour of probability
Ppr with the phase transition temperatures predicted by recent dielectric constant measurements [B, B] as follows.
First, we set J, to zero and search for the appropriate Jz(imra) values that give the expected temperature dependence
of Ppp, i.e., Pgr(T) should be sufficiently close to unity at temperatures lower than the experimentally determined
phase transition temperatures and show a decrease during the phase transition. In this way, we try to reproduce the
experimental data without any need to assume that proton tunneling takes place during the phase transition. As
shown in Table I and Fig. @, 10 meV is the maximum value consistent with the experimental data when compared to
its close neighborhood. We set JUT2) 40 10 meV in this respect.

Secondly, we gradually decrease J, and search for its minimum value that preserves the consistency with the
experimental data. The value of J, found in this way is —0.5 meV as shown in Table 0.

Note that this two-step procedure does not exclude the likelihood of the presence of any other ( (intra) J) pair in
the phase space that might lead to exactly the same Pgp(T') as shown in Fig. 2 in the manuscript. However, it offers

(intra)

a physically motivated (J; , J:) pair as described above.

B. Sensitivity of the parameters

The sensitivity of Pgp(T) to the changes in the free parameters J,, and Jz(intra) will be investigated in what follows.

Although Ppr(T) should be sufficiently close to unity at low temperatures, Fig. 4-a given in the manuscript shows
that it cannot reach to this limit at any temperature when J& ™ is kept constant at +10 meV but .J, is set to a value

less than —0.5 meV, e.g. to —5 meV. Furthermore, Fig. B given below displays that it is impossible to readjust the

value of .J ;imra) to bring the temperature dependence of Ppp back to the expected behaviour after decreasing J,, down

to —5 meV. In fact, some values of J. ;intra) are found to raise Pgp up to unity at low temperatures, but Pgpr(T) never
decreases for these particular Jémtm) values, even at temperatures quite higher than the experimentally determined
phase transition temperatures. Note that Pgp(T) should show a decrease during the phase transition. Hence, an
increase in the proton tunneling rate, up to a value ten times higher than the fixed value used in the manuscript,

cannot be compensated by a further change in the energy of ionic defect penalty.

On the other hand, according to Fig. 4-b given in the manuscript, a change in the value of Jz(in"a) from 10 meV
to 20 meV (5 meV) sets the temperature at which Ppp(T') deviates from unity to a value higher (lower) than the
experimentally determined phase transition temperatures. Also, Ppp(T) fails to exhibit its proper behaviour after
(before) this turning point when compared to Fig. 2 given in the manuscript. Here, Fig. B (Fig. @) demonstrates
that no further adjustment in J, can regenerate the expected temperature dependence of Pgpp after varying Jéintra)
to 20 meV (5 meV). Hence, a change in the energy of ionic defect penalty, up to a value twice as high (low) as the
fixed value used in the manuscript, cannot be neutralized by readjusting the proton tunneling rate.

In this respect, the expected temperature dependence of Pgp exhibits a sensitivity to our free parameters, i.e.,
deviations from the fixed value of one parameter prevent the appearance of a slow decline in Pgp(T) from unity
around 58.9 — 73.4 K, and this behaviour cannot reappear when the second parameter is also allowed to deviate from
its fixed value at the same time.
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TABLE I. Dependence of Ppr(T) and S(T) to J™ when J, = 0.
(intra) 1 920 K) | Ppr(20K) | Per(58.9K) | Per(73.4K)
0.10meV | 5.99 0.04 0.04 0.03
1.00meV | 4.65 0.38 0.09 0.07
8.00meV | 1.00 1.00 0.97 0.91
9.00meV | 1.00 1.00 0.99 0.95
10.00meV| 1.00 1.00 0.99 0.97
11.00meV| 1.00 1.00 1.00 0.99
12.00meV| 1.00 1.00 1.00 0.99
0.10eV | 1.00 1.00 1.00 1.00
1.00eV | 1.00 1.00 1.00 1.00
Jy=0meV
00—
0.98 \ ]
. 096}
o - NS _ 5 mev
i I3 = 10 meV
094 - I = 15 meV
Jnd — 20 meV
0.92 Y 1
0907 20 0 60 ‘
T(K)

FIG. 1. The behaviour of probability Pgr(T) with respect to changes in the energy of ionic defect penalty when the orbital
phase transition temperatures 58.9 K and 73.4 K [B].

interaction energy vanishes. Vertical solid lines coloured blue and red respectively pinpoint the experimentally determined
2}



TABLE II. Dependence of Pgr(T) and S(T) to J, when JI™™ = 410 meV.

Jo(meV)|S(20K) | Psr(20K) | Psr (58.9K) | Per(73.4K)
~1.00 | 1.00 0.98 0.98 0.96
—0.90 | 1.00 0.99 0.98 0.96
—0.80 | 1.00 0.99 0.98 0.96
—0.70 | 1.00 0.99 0.99 0.97
—0.60 | 1.00 0.99 0.99 0.97
—0.50 | 1.00 1.00 0.99 0.97
—0.40 | 1.00 1.00 0.99 0.97
—0.30 | 1.00 1.00 0.99 0.97
—0.20 | 1.00 1.00 0.99 0.97
—0.10 | 1.00 1.00 0.99 0.97
—0.00 | 1.00 1.00 0.99 0.97

Jx=—-5meV
1.0] | | ]
08 :
08 I :
o - 20 — 10 meV
Jfinra) _ 5 mey T
0.4r - Sfinta _ 5 mev 1
- Jhnra _ 50 mev
Jfina _ 50 mev
o R e :
0.0 ‘ ‘ ‘ ‘ ‘ ‘

T(K)

FIG. 2. The behaviour of probability Pgr(T') with respect to further changes in the energy of ionic defect penalty after the
orbital interaction energy is reduced to a value lower than the fixed value used in the manuscript.
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{20 meV

1.05r~ :
1.00r 4
- Jy=-05meVv
Jy=-0.2meV
& 0.95- - Jy=—1meV -
o - Jy=—-2meV
Jx=-5meV
0 4
085 L L L L L L L L
0 20 40 60 80 100 120 140

T(K)

FIG. 3. The behaviour of probability Pgr(T') with respect to further changes in the orbital interaction energy after the energy
of ionic defect penalty is raised to a value higher than the fixed value used in the manuscript.

3N — 5 mev/
; ; [ T
- Jy=—0.5meV ]
- Jy=—0.2meV
- Jy=—-1meV
- Jy=—-2meV 1
- Jy=—-5meV

Pgr

0.2-

T(K)

FIG. 4. The behaviour of probability Pgr(T') with respect to further changes in the orbital interaction energy after the energy
of ionic defect penalty is reduced to a value lower than the fixed value used in the manuscript.



