
SUPPLEMENTARY MATERIAL

Electron correlation in Li+, He, H− and the critical nuclear

charge system ZC: energies, densities and Coulomb holes

Adam L. Baskerville, Andrew W. Kinga and Hazel Cox†

Department of Chemistry, School of Life Sciences,

University of Sussex, Falmer, Brighton BN1 9QJ, U.K.

a Present Address: Department of Biochemistry, Faculty of Science, Chulalongkorn University,

Bangkok 10330, Thailand.
† h.cox@sussex.ac.uk

1

mailto:h.cox@sussex.ac.uk


CONTENTS

I.Fully Correlated (FC) data 3

A.The FC Wavefunctions 3

B.FC energy convergence data 5

1.One non-linear variational parameter (α) 5

2.Two non-linear variational parameters (α, γ) 6

C.FC expectation value convergence data 7

1.One non-linear variational parameter (α) 7

2.Two non-linear variational parameters (α, γ) 11

II.Hartree Fock (HF) data 15

III.Intracule and Coulomb hole data 15

References 15

2



I. FULLY CORRELATED (FC) DATA

A. The FC Wavefunctions

The following is the form of the FC wavefunction in perimetric coordinates (zi):

Ψ(z1, z2, z3) = e−
1
2
(αz1+βz2+γz3)

∞∑
l,m,n=0

A(l,m, n)Ll(αz1)Lm(βz2)Ln(γz3) (1)

and in inter-particle coordinates (ri):

Ψ(r1, r2, r3) = e−(Ar1+Br2+Cr3)
∞∑

l,m,n=0

A(l,m, n)Ll(Ar1)Lm(Br2)Ln(Cr3). (2)

The relations to convert between α, γ and A,C are as follows:

α = B + C, A =
β + γ − α

2

β = A+ C, B =
α + γ − β

2
(3)

γ = A+B, C =
α + β − γ

2
.

When α = β, α and γ are varied independently and this is referred to as the two-

parameter (α, γ) wavefunction. It corresponds to non-zero values of A = B and C in

the exponent of equation (2).

When α = β, and γ = 2α the exponent in the wave function (equation (1)) mod-

els, in principle, the correct asymptotic behaviour of the solution of the Schrödinger

equation for two-electron atoms at large r1 and r2 as using the relations in equation

(3) results in A = B and C = 0 in equation (2). Here, only one parameter, α is varied.

This is referred to as the one-parameter wavefunction and is the wavefunction used for

the data reported in the main paper.
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Data (energies and expectation values) from both the one-parameter and two-

parameter wavefunctions are reported here in the SM for comparison purposes. The

optimised non-linear variational parameters for a 4389-term wavefunction for each sys-

tem is provided in Table I and Table II.

TABLE I: The optimised value of α in the one-parameter (α) perimetric wavefunction

(and the resulting value of A, see equation (2)) for the 4389-term wavefunction used

to generate the data provided in the main paper.

System α A

ZC 0.43 0.43

H− 1.22 1.22

He 2.74 2.74

Li+ 3.10 3.10

TABLE II: The optimised values of α and γ in the two-parameter (α, γ) perimetric

wavefunction (and the resulting values of A and C, see equation (2)) for 4389-term

wavefunctions.

System α γ A C

ZC 0.43 1.44 0.72 -0.29

H− 1.23 2.49 1.24 -0.01

He 4.82 8.19 4.09 1.45

Li+ 4.58 6.48 3.24 1.34
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B. FC energy convergence data

1. One non-linear variational parameter (α)
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2. Two non-linear variational parameters (α, γ)
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C. FC expectation value convergence data

1. One non-linear variational parameter (α)
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2. Two non-linear variational parameters (α, γ)
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II. HARTREE FOCK (HF) DATA

The HF energies and expectation values using a 20-term wavefunction (published

previously in [1]) are reported in the main text. The optimised non-linear variational

parameter and the coefficients for each HF wavefunction to 32 digits, along with the

Hartree Fock energy convergence data, can be downloaded from the following URL:

http://rsta.royalsocietypublishing.org/content/roypta/suppl/2018/01/

24/rsta.2017.0153.DC1/rsta20170153supp1.pdf

Additionally, a Maple script containing all the HF wave functions can be accessed

via the Dryad Digital Repository (http://dx.doi.org/10.5061/dryad.fr34t).

III. INTRACULE AND COULOMB HOLE DATA

A complete data set of intracule and Coulomb hole data for each system (i.e. ZC , H−,

He and Li+) associated with this paper is available from the Dryad Digital Repository

(http://dx.doi.org/10.5061/dryad.r60sj21).

[1] King AW, Baskerville AL, Cox H. 2018 Hartree-Fock implementation using a Laguerre-

based wave function for the ground state and correlation energies of two-electron. Phil.

Trans. R. Soc. A. 376, 20170153. (doi:http://dx.doi.org/10.1098/rsta.2017.0153)
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