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I. LIST OF SUPPLEMENTAL MOVIES
S1 Motion of filament under tip follower force of F, = 75 subject to non-planar perturbation starting from the
straight equilibrium. The resulting spinning motion has a locked curvature at steady state.

S2 Motion of filament under tip follower force of F, = 75 subject to planar perturbation starting from the straight
equilibrium. The resulting flapping motion is confined to a plane.

S3 Robustness of transition from straight to 3D spinning. At F, = 180, spinning is stable. Initial configuration is
set by adding a small out-of-plane perturbation to the planar solution. The basin of attraction of these spinning
solutions seems to consist of all non-planar perturbations.

S4 Robustness of transition from 3D spinning to 2D flapping. At F, = 200, flapping is stable. Initial configuration
is set to the spinning solution obtained at F, = 185. At F,, = 200, the filament trajectory converges to in-plane
motion. The basin of attraction of these planar flapping solutions seems to consist of all initial perturbations.

S5 Bead-spring models under non-planar perturbations at F, = 5. As we increase the number of links from 2 to 6,

stable 2D flapping motions emerge from 3D spinning motions.

II. NUMERICAL METHODS AND VALIDATIONS
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FIG. 1: Discretization of elastic filament
We discretize the filament’s centerline into n 4+ 1 vertices ry,...,r,41 and n straight edges ¢; = r;11 — r;, where

t=1,...,n, in the spirit of [1] and [2]; see Fig. |1l The unit tangent to edge ¢ is defined as t; = ¢;/¢; where ¢; = ||¢;]|-
Inextensibility is enforced weakly by considering large tensile stiffness S = E'A along the filament’s centerline. That
is to say, t is allowed to experience slight extension or compression, inducing a local axial strain s; = (¢; /@)tz —dj,
where /; is a strain-free reference configuration length. The linear velocities v1,...v,y1 are assigned to vertices. The
body frames are naturally assigned to edges, so is the rotation matrix Q; we let {d;;,d2;,ds; = t;} and Q; denote
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the discrete representation of these quantities. Here, we defined the rotation matrix Q using the convention x;, = Qx,
where x; is the position vector expressed in body-frame coordinates (see appendix A). Throughout this work, the
subscript b will be used to emphasize when vectors are represented in the body frame.

The skew-symmetric matrix £* = (9Q/9s)"Q can be expressed in the body frame by a change of basis as Ky =
Qr* QT = Q(8Q/9ds)". The solution to the differential equation Kk, = Q(9Q/ds)" is of the form Q(s + As) =
exp(—k; As)Q(s), given that the curvature stays constant in the region As. We can thus define the discrete curvature
Ky, such that Q; = exp(—niizi)Qi,l, leading to
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Here, (; = %(&,1 + ¢;) is a ‘Voronoi’ integration domain spanning from the midpoint of the previous edge to that of

the next edge. Remember that this definition of discrete curvature is only defined at an interior vertex i = 2,...,n.

To obtain the bending dynamics of the filament, we first use equation (3) of the main text to solve for the internal
elastic force N; in the body frame of the current geometric configuration of the filament,

No,i = to; x { D[Byikyi| + Al (k:l;) x (Boikpi) ] ¢ + (EA)sy,;. (2)

frame transport

Here, the finite difference operator D and discrete average operator A take quantities on i-th and (i + 1)-th vertices
as inputs and output quantities on the i-th edge (i = 1, ,n). Since £; and ky; are only defined at interior vertices,
we need to pad trivial (zero) quantities for boundary vertices (i = 1 and n + 1). In other words, the j-th output of
DI[(-)] is (+)i6s,j41 — (+)i0s5. Similarly, the j-th output of A[(-);] is [(-)i0i j+1 + (-)idi;]/2. Note that inextensibility is
enforced weakly by setting the axial component of Ny ; to be (EA) s ; with a large stiffness FA.

Next, we invert the force balance in equation (1) using the expression for the fluid force from equation (2) of the
main text to get the inertial frame velocity v; of each vertex
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Here the operators D and A actually convert n edge quantities to n + 1 vertex quantities unlike in .
In the numerical implementation, we solve and in the strain-free reference configuration. Therefore we need
to adjust all quantities expressed in the current geometric configuration to the strain-free reference state (we use the

Vi

(I +(v-DA[t] ® A[ti}) (D [N;] — fa,i&). (3)

hat notation (-) to denote the latter). Provided that cross-sections retain their circular shapes at all times, we only
need to insert a local dilation scalar e; = £;/ 0; at appropriate places in the discretized equations to ensure consistency.
Specifically, due to the conservation of volume of an infinitesimal volume element, a dilation in edge length translates
to a shrinkage of cross sectional area; namely, we have ¢; A; = @ZAZ which implies that A; = /L /e;. Consequently, the
discrete bending/twisting rigidity tensor B, and tensile stiffness S; in the stain-free reference configuration are related
to B; and S; in the current configuration via B; = Bi/ef and S; = S'i/ei. All length quantities need to include a
factor of e; when converted to the strain-free reference configuration. In addition, because we used the integration
domain /; in the momentum equation , we need to average all quantities that vary with arc-length over the voronoi
region ¢;. For example, the bending rigidity B and dilation factor e are averaged over ¢; using

B — Bili +Bi 10, 7 & = eili + 6;'71&‘71 .
20,

When adjusting the generalized curvature with respect to the dilation factor, we write k; = K;/&;.

We use standard time integrators for stiff equations (MATLAB’s ode15s) to solve and propagate the filament
position r; forward in time. To closed the system, we enforce the clamped boundary condition by fixing r;1 = 0 and
t; = e3, while leaving the free end unconstrained.

We test our numerical method on the deflection and buckling behavior of a cantilever beam submerged in viscous
fluid. Since the steady state shape of a cantilever beam under transverse tip load would remain the same in the
presence of fluid drag, it is sound to compared our simulation results with the linear Euler-Bernoulli theory at a
large t (in the absence of local filament shear). Indeed we observe first order convergence of our deflected filament
at t = 20L*u/B as we increase spatial resolution; See Fig. Similarly, since the onset of Euler buckling of a
cantilever beam under axial compression at one end should also remain equal regardless of the surrounding medium,
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FIG. 2: Cantilever Deflection in Stokes’ Regime. A cantilever beam subjected to a tip load of 0.1B/L? submerged in
viscous fluids is simulated and its state at t = 20L"/B is shown to converge to Euler-Bernoulli theory.
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FIG. 3: Euler Buckling in Stokes’ Regime. Euler buckling of a clamped-clamped beam is simulated in viscous fluids
under vertical compressive tip loads. The critical force thresholds converge to the theoretical value in the limit of spatial
refinement. Snapshots of the actual buckled shapes are shown for a tip load of 80B/L>.

we compare the threshold of buckling event with the linear theory result of F.,.; = 47%(B/L?). Again we observe
first order convergence in the relative error in the limit of spatial refinement. Moreover, our numerical simulation also
give the nonlinear buckled shape of the filament.

To conclude, we note that the actual algorithm developed is slightly more general in that we can allow twist in
the filament following the methods in [I]. In the presence of properly-chosen applied twists, the algorithm correctly
exhibit the localized helical buckling instability as well as the Mitchell instability [3H7]; See Fig. @



FIG. 4: Helical Buckling and Mitchell Instability in Stokes’ Regime. Helical buckling occurs when an elastic rod is
twisted at its ends to a sufficient degree. Mitchell instability describes the buckling behavior when a sufficiently twisted rod is
glued at its two ends. In both case, the time snapshots from our simulation prove that we recover the desired behavior.
Quantitative verifications are omitted for brevity.

III. DERIVATION OF LINEARIZED EQUATIONS

Starting from the force and moment balance and constitutive relations
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Here B = B -diag(1,1,2) is the constant bending rigidity, and x = k1d; + kods is the generalized curvature vector.
Here we assume there are no twist moments. The usual curvature x and torsion 7 of the filament as a space curve in
R3 can be computed as

k(s) = |lk(s)l] = \/ kT + k3, (4)

Without loss of generality, we assume that at time ¢ = 0, the curvature vector kK(0) = x(0)b is aligned with the
binormal vector b in Frenet-Serret frame. This also means that for a planar (torsion-free) filament, the generalized
curvature is the torsion-free Darboux vector D = kb = kad,. In general, the Darboux vector is given by D = kb —rt.

In this parallel transport (Bishop) frame (d;,ds,d3 = t), which is equivalent to the material frame without twist,
we have

5 d; d4 0 0 —ko d;
87 d2 =K X d2 = 0 0 ]{31 d2
S 1ds = d; =t ks —ki O d; =t

Consider the moment balance in and substitute the constitutive relation for the moment to get
0=(Bk); +t xN

0= B [ln,sdy + ks ody + b (kot) 5 (=T B)| + x N

O:tXOZB(tX[k175d1+k275d2])+tX(tXN)

1
0 = Blkyody — kyody] + (£ - N) t — @' N
=A

inextensible



where A is a lagrange multiplier for the inextensibility constraint. Note that to match the equations derived using
Frenet-Serret frame in 2D, we need to set A — A — Bk2. Take the derivative of the above equation with respect to
arclength s, using the notation () s = 9()/0s, we get

0= Os =B [kjl,ssdQ - k?,ssdl + kl,s(klt) - k2,s(_k2t)] + (At)s - Ns
_fh =B [kl,ssd2 - k2,ssd1 + (klkl,s + k2k2,s)t] + (At)s + fa

C[ttT +y(did] + dod])] v = —f, = Bk ssd2 — ko ssdi + rkist] + Ast + A(kody — kido) + £, (6)
and ( the drag coefficient with v representing its anisotropy. Now if we invert the drag coefficients and make use of
only an axial applied force (f, = — f,t), we can rewrite the above as
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\%

¢y ¢y
Now, normalize the equation by filament length L and bending rigidity B, we require s %5, curvatures k; — Lk;,
tension force A — %A, force density f, — % fa, and velocity v — TBL;,»V. In dimensionless form, we have

d t
(—Bky.gs + ko) + — (Bky, s — k1A) + : [Brks + As — fa]

vV = dl(_kZ,ss + k2A) + dZ(kl,ss - k1A> + ’Yt [’iﬁs + As - fa]

In order to rewrite the left-hand side in terms of ‘known’ variables (k;, d;, t), we differentiate the above w.r.t. s again
to get, using the notation (), = 9()/0t,

tt = Vg =t [7 (Hﬁss + fa,s + /‘63 + Ass) + kl(*klA + kl,ss) - kQ(kQA - k?,ss)} +
d2 [_Akl,s - klAs - fyk/’l(_fa + RRKs + As) + kl,sss] +
dl [AkQ,s + k2As + ’ka(_fa + RKg + As) - k2,sss]

Again from inextensibility constraint t-t; = 0, so the tangent component of above quantity is 0. Finally, we have the
following system of scalar equations

0= Y (ﬁﬁss + fa,s + ﬂg + Ass) - HzA + klkl,ss + k2k2,ss (7)
d2 . tt = - Akl,s - klAs - ’Yk/’l(_fa + RRs + As) + kl,sss (8)
dl . tt = Ak2,s + kQAS + ’ka(_fa + Kks + As) - k2,sss~ (9)

which we slightly rearrange to get

0=1 (HKS — fa+ As)s — Ar? + kiki ss + k2k2,ss
_d2 . tt - (Akl)s + rykl(”f’@s - fa + As) - kl,sss
d; -ty = (AkQ)S + ’yk2<"€"<’8 - fa + As) - k2,sss

The first equation leads to the contraint equation
v (Kﬂs - fa + As)s = AHQ - klkl,ss - k2k2,ss (10)

Take derivative of the last two equations w.r.t. s to get

_(_kl,t + k2d2 : dl,t) — (Akl)ss + fy[kl("i"is - fa + As)]s - kl,ssss (11)
(kZ,t - kldl : d2,t) = (AkQ)ss + ’y[kZ(ﬁﬁs - fa + As)]s - k2,ssss (]-2)

Multiply and by k1 and ko, respectively, to get

ki(k1t — kods - d1t) = k1(Ak1)ss + vh1[k1(KEs — fo + As)]s — k1k1,ssss
ko(kay — kidy - day) = ka(Aka)ss + vhalka(kks — fo + As)]s — k2ka, ssss



Take the sum of the above two equations

kiki e+ kokoy = k1(Ak1)ss + vh1k1 s(kks — fo + As) + k% [AH2 — kiki o5 — koka ss] — k1K1 ssss
+ kQ(AkQ)SS + VkaQ,S(K"%S - fa + As) + k% [Afig - klkl,ss - k2k2,ss] - k2k2,ssss

Upon further simplifications, we arrive at

klkl,ssss + k2k2,ssss + KKy = Ass"{2 + (2 + V)ASKJKJS + (A - ’432)(k1k71,ss + k2k2,ss)
+ y(rks)? — Rk fo + AR (13)

Now, multiply and by ko and k; respectively, to get

ko(k1, — kods - d1t) = ka(Ak1)ss + vhalk1(Kks — fo + As)]s — k2k1,ssss
kl(k2,t - kldl : d-2,t) = kl (AkZ)ss + Pykl [k2("<5"$s - fa + As)]s - k1k2,ssss

The difference of the above two equations yields

kal,t - kle,t - k§d2 : dl,t + kldl . d2,t = ]452(/\]{11)83 - kl (Ak2)ss - k2k1,ssss + k1k2,ssss
+ '7k2[k1(““s — fa+ As)]s — k1 [k'Q("f“s — fa+ AS)]S

Upon further simplifications, we get
kal,ssss - kle,ssss + kal,t - k1k2,t - Hz(d2 : dl,t) = kQ(Asskl + 2Askl,s + Akl,ss)

*kl (Asst + 2A5k2,s + Ak2,ss)
=+ ’Y(kal,s - kle,s)(’i”is — fa+ As)

and

K%n; - b

k2k1,ssss - k1k2,ssss + k2k1,t -k +— R (d2 . dl,t) = A(k2k1,ss - k1k2,ss)
+ (k2k1,s - kle,s)[’yK“s - 'Yfa + (2 + V)AS] (14)

To arrive at the last expression, note that we have

k2k1,t - klkz,t = - H29t
(dg . d17t) = 0,5 — 1y - b

based on ky = —ksinf, ks = kcosf, T = 0, d; = cos b —sin fn, and ds = sin b + cos fn. These geometric relations
also yield

klkLss + k2k2,ss = H(Hss - "{7—2)

klkl,ssss + k2k2,ssss = Hf(ﬁ:ssss + T(KTS — BKssT — 2KsTs — 457-53) - 3”/752)
kzkl,s - k1k2,s = - H27’
koki,ss — k1ko ss = — K(2KsT + KT5)

2
k‘le,ssss - k1k2,ssss = /‘/‘3(7_(4”57— + 6537—7—5 - 4Hsss) - GHSSTS - 4”57—55 - HTsss)

Substituting these relations into (10)), and (14)), we get

Vhkss + s + V(= fa+ Mo)s = AR — Rkgs + K27
Kssss + T(RT® — 6BkigsT — 2K4Ty — 4KTos) — BRTZ + Ky =
Aok + (2 +7)Askis + (A — ) (Kss — KT?) + yREZ — Yhgfo + AKD
T(4KsT? + 6RTT, — Akiggs) — BlissTy — 4FisTos — KTges + KNy - b =

- A(2I€ST + HTS) - "‘527—[’)"‘{55 —vfa+ (2 + 7)‘/\5]



Expand about straight configuration x = 7 = 0 and linearize in terms of A, x, and 7 to get

(_fa + As)s =0
Kssss + Kt — A/‘iss =0
0=0

That is to say, the last equation is trivially satisfied and the torsion is not featured in the linear equations. The linear
equations only capture 2D deformations.
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Appendix A: Rotation Group Conventions

Consider an inertial frame (e;) and a body frame (d;), ¢« = 1,2,3. Define the rotation matrix Q as the operator
that transforms vectors from inertial frame to body frame. We have

e, = de (Al)
where
,dI,
Q= |-d]-|. (A2)
—dg—

A vector x can be represented in the inertial frame or the director body frame: x = z;e; = x3;d;. To find the
relationship between coordinates X; and z;, rewrite

| | | T1 Z1 x1
Tr,e;, = €1 €2 €3 To = ]I i) = QTQ X9
L . T3 T3 T3 (A3)
] 2 I A
=|dy do d3| Q22| = |dy do d3| [Zp2 | = p:ds
L o T3 | Tp,3

Thus, we get x, = Qx. Moreover, a similarity transform of any operator T from e; coordinates to d; coordinates is

given by QTQT.
We can also find the derivative of the directors as
0

o, 0 o
554 = 55 (QTe)) = 5-(QT) e = 5-(Q7) Qd; = k x d;, (A4)



where we used the fact that Q"Q = I implies that % (QT) Q is skew-symmetric. Furthermore, we have

kx()=Q'Q()
Q(k x (1)) =QQ"Q()
(Qr) x (Q() =QQTQ()
Ky % (Q()) =QQTQ()

(A5)
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