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Derivation	of	fitness	4	

	5	

Given	recovery	and	infected	reproduction,	direct	calculation	of	the	mutant	6	

invasion	fitness	is	difficult.	Here	we	derive	fitness	proxies	by	determining	when	a	7	

resident	equilibrium	loses	stability	to	a	mutant	invader.	In	particular,	we	8	

consider	a	four-dimensional	system	of	ordinary	differential	equations	consisting	9	

of	resident	susceptible	and	infected	types	and	rare	mutant	susceptible	and	10	

infected	types.	We	then	consider	the	equilibrium	at	which	the	resident	is	at	its	11	

standard	equilibrium	 	and	the	mutant	is	absent	 .	The	stability	12	

of	this	equilibrium,	 ,	depends	on	a	4x4	Jacobian	matrix	of	partial	13	

derivatives.		14	

Since	we	know	the	resident	equilibrium	is	stable	in	the	absence	of	the	mutant,	15	

and	the	resident	equations	are	independent	of	mutant	densities,	the	stability	16	

depends	entirely	on	the	2x2	sub-matrix	of	the	mutant’s	equations,	for	example	17	

for	the	constitutive	defence	case,	18	

	19	

	20	

	21	

For	the	resident-mutant	equilibrium	to	be	unstable,	this	Jacobian	must	yield	at	22	

least	one	positive	eigenvalue.	It	can	be	found	that	this	is	necessarily	the	case	23	

whenever	the	determinant	is	negative,	yielding	the	condition,	24	

	25	

.	26	

	27	

This	is	necessarily	sign	equivalent	to	the	true	fitness,	and	we	therefore	take	this	28	

to	be	the	fitness	proxy.	29	

	30	

S*, I * Sm ≈ 0, Im ≈ 0
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Constitutive	–	Induced	trade-off	with	no	further	life-history	costs	31	

	32	

We	assume	a	trade-off	between	c	and	 	with	no	further	relationships	with	other	33	

traits	in	the	host’s	life-history.	The	population	dynamics	are	as	in	equation	(1)-34	

(2)	in	the	main	text,	and	the	fitness	is	now	given	by,	35	

	36	

	37	

	38	

Evolutionary	branching	39	

	40	

Provided	a	singular	point	exists	that	is	mutually	invadible,	with	mixed	second	41	

derivative,	 	then	a	trade-off	can	always	be	chosen	which	42	

allows	for	evolutionary	branching.	In	this	model	we	find	that,	43	

	44	

	45	

	46	

and,	47	

	48	

	49	

	50	

When	the	necessary	derivatives	are	substituted	in	to	this	expression,	it	in	fact	51	

reduces	to	 .	As	such,	no	trade-offs	exist	that	allow	for	52	

evolutionary	branching	assuming	this	trade-off.	53	

	54	

Investment	patterns	55	

	56	

We	also	present	here	some	corresponding	plots	to	those	in	the	main	text	57	

showing	how	investment	varies	with	the	model	parameters.	We	still	plot	results	58	

for	both	constitutive	and	induced	defence	here	(figure	S1),	but	reiterate	that	the	59	
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two	are	directly	linked	by	the	trade-off.	For	these	results	we	assumed	a	trade-off	60	

of,		61	

	62	

 

63	

	64	

which	guarantees	a	continuously	stable	strategy	at	all	points	tested.	We	note	that	65	

now	 .	Here	we	see	that	investment	in	constitutive	(solid	line)	66	

increases	with	both	virulence	and	mortality.	We	also	find	that	investment	is	67	

constant	as	both	sterility	and	competitive	ability	are	varied.	68	
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	70	

	71	

	72	
Figure	S1	–	Patterns	of	investment	in	constitutive	(solid,	right	y-axis)	and	73	

induced	(dashed,	left	y-axis)	line	when	there	is	a	direct	trade-off	between	the	74	

two	traits	as	virulence,	death	rate	and	fecundity	are	varied.	Parameter	values	are	75	

as	of	figures	in	main	text.	76	

	77	

Constitituve	–	Induced	trade-off	with	further	life-history	costs	78	

	79	

Now	we	assume	a	trade-off	between	c	and	 	but	with	further	costs	to	the	host’s	80	

life-history.	Here	we	will	assume	that	the	birth	rate,	a,	is	also	linked	to	the	81	

defence	traits	with	 .	The	population	dynamics	are	as	in	equation	82	

(1)-(2)	in	the	main	text,	and	the	fitness	is	now	given	by,	83	
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	86	

Evolutionary	branching	87	

	88	

Provided	a	singular	point	exists	that	is	mutually	invadible,	with	mixed	second	89	

derivative,	 	then	a	trade-off	can	always	be	chosen	which	90	

allows	for	evolutionary	branching.	For	analytical	ease	let	us	assume	that	f=0.	In	91	

this	case	we	find	that,	92	

	93	

	94	

	95	

and,	96	

	97	

	98	

	99	

after	the	necessary	derivatives	are	substituted	in.	This	term	is	necessarily	100	

negative	for	any	trade-off	 ,	meaning	that	now	evolutionary	branching	can	101	

occur.	Numerical	exploration	suggests	that	this	result	also	holds	for	f>0.	102	

	103	

Investment	patterns	104	

	105	

We	also	present	here	some	corresponding	plots	to	those	in	the	main	text	106	

showing	how	investment	varies	with	the	model	parameters.	We	still	plot	results	107	

for	both	constitutive	and	induced	defence	here,	but	reiterate	that	the	two	are	108	

directly	linked	by	the	trade-off.	For	these	results	we	assumed	trade-offs	of,		109	

	110	
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	112	

which	guarantees	a	continuously	stable	strategy	at	all	points	tested.	The	latter	113	

trade-off	can	be	understood	as	causing	a	greater	cost	to	the	birth	rate	when	both	114	

forms	of	defence	are	high,	although	the	change	to	the	birth	rate	is	only	very	slight	115	

in	this	example.	Again	we	note	that	now	 .	The	trends	are	shown	in	116	

figure	S2.	Here	increasing	virulence	causes	a	non-linear	response,	initially	117	

reducing	investment	in	constitutive	defence	(as	in	the	main	model)	before	118	

increasing	investment	at	high	levels,	while	there	is	increased	constitutive	119	

defence	at	high	mortality	rates.	We	see	low	investment	in	constitutive	defence	120	

against	sterilizing	parasites	(as	in	the	main	model).	We	also	have	a	non-linear	121	

response	with	competitive	ability,	with	initially	decreasing	investment	in	122	

constitutive	(as	in	the	main	model)	but	increasing	investment	at	high	levels	of	123	

competition.	124	

125	

c ∈ [0.4, 0.6]



	126	

127	

	128	
	129	

Figure	S2	–	Patterns	of	investment	in	constitutive	(solid,	right	y-axis)	and	130	

induced	(dashed,	left	y-axis)	line	when	there	is	a	direct	trade-off	between	the	131	

two	traits	and	an	additional	cost	to	the	birth	rate,	as	virulence,	death	rate,	132	

competition	and	fecundity	are	varied.	Parameter	values	are	as	of	figures	in	main		133	

text.	134	
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	139	
Figure	S3	140	
Plots	showing	the	differential	in	investment	 	as	model	parameters	are	141	
varied,	without	castration	(c.f.	figures	1	and	2).	These	show	that	there	is	142	
increased	relative	investment	in	constitutive	defence	at	high	death	rates,	low	143	
transmission	rates	and	intermediate	competition	levels.	144	
	145	
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Figure	S4	151	
Plots	showing	the	differential	in	investment	 	as	model	parameters	are	152	
varied,	with	castration	(c.f.	figures	3	and	4).	Contrary	to	the	previous	figure,	153	
these	show	increased	relative	investment	in	induced	defence	at	high	death	rates.	154	
The	pattern	with	transmission	is	now	non-monotonic.	155	
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Figure	S5	163	
Plots	showing	investment	as	virulence,	 ,	is	varied	for	different	trade-off	164	
functions	to	the	main	text,	with	castration	(c.f.	figure	3a).	Top-row	 	165	
(higher	curvature),	bottom-row	 	(lower	curvature),	with	166	
parameters	otherwise	the	same	as	figure	3.	These	plots	demonstrate	that	a	167	
higher	(lower)	trade-off	curvature	shifts	the	investment	down	(up)	but	the	broad	168	
pattern	remains	the	same.	In	the	bottom-left	plot,	once	investment	reaches	 	169	
this	is	the	maximum	bound	of	the	trade-off,	and	investment	is	then	maximized.	170	
	171	
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	174	
Figure	S6	175	
Plots	showing	investment	as	virulence,	 ,	is	varied	for	different	trade-off	176	
functions	to	the	main	text,	without	castration	(c.f.	figure	1a).	Top-row	177	

	(higher	curvature),	bottom-row	 ,	with	parameters	178	
otherwise	the	same	as	figure	1.	These	plots	demonstrate	that	a	higher	(lower)	179	
trade-off	curvature	again	shifts	the	investment	down	(up)	but	the	broad	pattern	180	
remains	the	same.	We	note	that	taking	a	lower	curvature	in	this	case	significantly	181	
reduces	the	region	for	which	the	singular	point	is	a	co-CSS.	182	
	183	


