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A Monte Carlo methods

When considering a deterministic model with a known, calculable likeli-
hood function over its outputs, we may apply a Markov Chain Monte-Carlo
(MCMC) algorithm for posterior inference over model parameters. For this
study we employed the MCMC algorithm described in [1] that proposes steps
in parameter space according to a multivariate normal distribution Σ that
is adaptively adjusted to attain an acceptance rate of ≈ 25%. Given a prior
distribution over parameter space π(θ), a likelihood function P (D|θ) of the
data D given parameters θ, and a starting point θ0, it proceeds according
to Algorithm A.1.

Algorithm A.1 Adaptive MCMC sampling

Initialize S ← ∅ and µ0 ← θ0.
for t from 1 to N do

Sample θ∗ from N (θt=1, σt=1Σt−1)

Calculate the acceptance probability ρ = min
(

1, P (D|θ∗)π(θ∗)
P (D|θt−1)π(θt−1)

)
Sample u from U(0, 1)
if u < ρ then
θt ← θ∗

else
θt ← θt−1

end if
if t > TB then
S ← S ∪ θt

end if
µt ← µt−1 + t0.7(θt − µt−1)
Σt ← Σt−1 + t0.7

(
(θt − µt−1)(θt − µt−1)T − Σt−1

)
log(σt)← log(σt−1) + t0.7(ρ− 0.25)

end for
return S

TB defines a “burn-in” time that allows the sampler to converge before
samples are recorded, and is generally taken to be equal to N/2. We initial-
ized Σ0 to be a diagonal matrix with (diagonal) elements defined to be 10%
of the standard deviation of each corresponding parameter, σ0 was set to 1,
and θ0 was chosen randomly from the prior π(θ).

When considering a model that employs stochastic elements, or when
the likelihood function on the outputs of the model is unknown or incal-
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culable for another reason, we must instead employ approximate Bayesian
computation (ABC) methods. The simplest form of ABC sampler is the
rejection sampler outlined below. Given a prior distribution over parameter
space π(θ), a distance function d(f(θ), D) operating between simulated data
f(θ) and experimental data D, and a tolerance level ε, it proceeds according
to Algorithm A.2.

Algorithm A.2 ABC rejection sampler

1: Initialize an empty set S = ∅ of accepted parameters
2: while S contains fewer than N particles do
3: Draw a sample θ∗ from a prior distribution π(θ)
4: if d(f(θ∗), D) < ε then
5: Add θ∗ to S
6: end if
7: end while
8: return S

Because this algorithm has a very low acceptance rate when the prior dif-
fers significantly from the posterior, we employed a sequential Monte Carlo
(SMC) algorithm proposed by Del Moral et al. [6] for all inference in this
study. This algorithm samples from a series of successive intermediate dis-
tributions by gradually reducing ε to attain higher acceptance rates. Given
the same information as for the rejection sampler, plus a proposal distribu-
tion K(.|θ) that generates moves in parameter space, it proceeds according
to Algorithm A.3.
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Algorithm A.3 Del Moral ABC-SMC sampler

Initialize t = 0
Using Algorithm A.2, construct an initial posterior estimate {θ(i)

0 } of size
N using tolerance ε0.

Assign equal weights w
(i)
0 = 1/N to each particle in this estimate.

while εt > εmin do
for i = 1 to n do

Set w
(i)
t = I

(
d(f(θ

(i)
t ), D) < εt

)
end for
Normalize {w(i)

t }
if fewer than N/2 particles have nonzero weight then

Resample N particles {θ(i)∗} from {θ(i)
t−1} using the new weights

{w(i)
t }.

for i = 1 to n do
Set θ

(i)
t−1 = θ(i)∗ and w

(i)
t = 1/N .

end for
end if
for i = 1 to n do

Draw θ∗ from Kt(θ|θ(i)
t−1)

if d(f(θ∗), D) < εt then

Set θ
(i)
t = θ∗

else
Set θ

(i)
t = θ

(i)
t−1

end if
end for
εt+1 ← 0.8εt
t← t+ 1

end while
return ({θ(i)

t , w
(i)
t })

Here, we take the proposal distribution to be independently Gaussian
across all model parameters. We periodically apply an update to a scalar
modifier σ of the covariance matrix of these Gaussian distributions to heuris-
tically maintain an acceptance rate of 25% for samples. The procedure is
provided in Supplementary Algorithm A.4.
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Algorithm A.4 Tuning of proposal distribution for Del Moral algorithm

Kt ∼ N (0, σΣ)
Let a be the fraction of accepted steps over the last 100 proposals
if a < 0.001 then
σ ← 0.001s

else if a < 0.05 then
σ ← 0.5s

else if a < 0.2 then
σ ← 0.9s

else if a > 0.95 then
σ ← 10s

else if a > 0.75 then
σ ← 2s

else if a > 0.5 then
σ ← 1.1s

end if

B Measure theoretic inverse sensitivity

An alternative approach to Monte Carlo samplers for inference on model
parameters given probability distributions on the outputs, is the measure
theoretic inverse sensitivity approach that was developed in [2, 3] for scalar
valued functions (maps) and extended to vector valued maps in [4]. We
consider a deterministic map g : Θ → G from the input (parameter) space
(Θ,BΘ) to the output space (G,BG), and a known probability distribution PG
on (G,BG). A simple implementation of the method appears in Algorithm
B.1 to determine the corresponding probability distribution on (Θ,BΘ).
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Algorithm B.1 Measure theoretic inverse sensitivity

Partition Θ into sets Θi, i = 1, . . . ,M
Let θi ∈ Θi, i = 1, ...,M be the centroid of Θi

Partition G in to sets Yj , j = 1, . . . , N
Let A be an M ×N zero matrix
for i from 1 to M do

Evaluate the map g at θi
Aij = Aij + 1 iff g(θi) ∈ Yj

end for
Let qj = P (Yj) for j = 1, . . . , N

Then pi = Aij ∗ qj/(
∑M

i=1Aij)
return {Θi, pi}

After evaluating the forward map g at all parameters θ1 . . . θM , we may
store and re-use this map for future use. Any quantities of interest that may
be calculated from the model output can be calculated without the need for
additional simulation, allowing modelers to easily compute the inverse map
for many possible summary statistics of model output.

For all analyses in this paper, we independently divided each dimen-
sion of parameter space into 100 equally sized partitions (M = 102Nθ) and
divided the output space G into 20 equal partitions across the observable
range. A detailed convergence analysis of this algorithm is provided in [5].
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C Supplementary Figures
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Figure C.1: Evolution of the four state variables (V,m, h, n) of the Hodgkin-
Huxley model over the course of the action potential simulation with param-
eters GNa = 120, GK = 36, Gl = 0.3 (as described in Section 4). Note that
while V is presented in mV, m,h, and n are dimensionless.
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Figure C.2: Biplot visualizations of input (parameter) probability distribu-
tions for the Hodgkin-Huxley model (??) calculated by the measure theoretic
inverse sensitivity method employing three summary statistics (indicated by
labels above each triptych) observed from a “true” action potential trace.
Axes (in units mS/cm2) span the full uniform prior for each conductance
parameter, and the posterior likelihood is indicated by the corresponding
color legend.
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Figure C.3: Biplot visualizations of MCMC posterior distributions for pa-
rameters of the Hodgkin-Huxley model (??) when employing three summary
statistics (indicated by labels above each triptych) observed from a “true”
action potential trace. Axes (in units mS/cm2) span the full uniform prior
for each conductance parameter, and the posterior likelihood is indicated by
the corresponding color legend.
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Figure C.4: Distributions of the five summary statistics for the Hodgkin-
Huxley model (??) computed using 1000 realizations of an action potential
voltage trace with additive Gaussian noise. The skew observed in the top
row of figures is a result of the max or min functions used when calculating
them from a noisy signal, not simply a result of random sampling. Vertical
red lines indicate the “true” value of the summary statistic when calculated
from the voltage trace in the absence of noise.
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